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Abstract. The computation tree measurement language (CTML) is
a real-valued specification formalism, designed to express performance
measures and dependability properties in a single framework. It is a fur-
ther extension of probabilistic model checking logic in such a way that it
expands the input and output value from the range of [0, 1] to the range of
[0, 00). Unlike probabilistic computation tree logic (PCTL) or continuous
stochastic logic (CSL), CTML can nest real values. As such, it turns out
that CTML can express a nontrivial subset of probabilistic linear time
logic (PLTL) formulas that cannot be expressed by PCTL while keep-
ing the overall computational complexity being polynomial in the size of
both an input formula and model. Moreover, it can express queries such
as “when a message is sent, what is the expected time until it is received?”
that cannot be expressed by an existing probabilistic logic, because they
are “probabilistic” at most. While powerful, CTML is a state-based spec-
ification formalism. In this work, we introduce a stronger formal query
language, called action and state based computation tree measurement
language (asCTML). asCTML extends from CTML, for answering per-
formance queries that operates over paths featured by a combination of
states and actions. Inspired by the action and state based continuous
stochastic logic (asCSL), asCTML supports multiple actions.

Keywords: Markov chain - Performance measures
Probabilistic model checking

1 Introduction

Previously, we introduced the computation tree measurement language
(CTML) [1] that is designed to express performance measures and dependabil-
ity properties in a single framework. It takes as inputs a probabilistic model
structure with real-valued “rewards” functions [2] and a real-valued specifica-
tion formalism and outputs a real value. CTML differentiates from probabilistic
model checking logics in such a way that it takes a real value in the range of [0, c0)
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as input, and output a real value in the range of [0, 00). As such, it can nest real
values, in a sense that it does not require to convert a quantitative result from an
intermediate formula to 0/1 (or true/false) value before an outer-level formula is
being solved. Comparing to the probabilistic model checking formalisms, CTML
has at least one of the following advantages: (1) It covers PCTL [3]. (2) It can
express a nontrivial subset of PLTL [4] formulas that cannot be expressed by
PCTL while keeping the overall computational complexity being polynomial in
both the size of an input formula and model. (3) It can express queries such as
“when a message is sent, what is the expected time until it is received?”; this
type of queries cannot be expressed by an existing probabilistic specification
formalism, because they are“probabilistic” at most.

While powerful, CTML is a state-based specification formalism. For action
driven performance queries, it is either not intuitive or simply not expressible,
particularly when considering a model with multiple actions between the same
pair of states. Inspired by asCSL [5], in this work, we introduce a new formalism,
called action and state based computation tree measurement language(asCTML),
that extends from CTML, in support of performance queries that operate over
a combination of states and actions. As such, the expressive power expands sig-
nificantly. Take the classic dining philosophers model [6] as an example, with
asCTML, it is natural to express survivability queries such as: “given a philoso-
pher is hungry, how much amount of food that the philosopher consumes on
average before he/she eventually releases the forks?”, where food is a state for-
mula representing rate rewards, hungry and release are action formulas repre-
senting impulse rewards (i.e., a real value assigned to an action received at its
corresponding state) [2,7].

The remainder of the paper is organized as follows. Section 2 presents foun-
dations for asCTML measures. Section 3 presents the syntax and semantics of
the proposed language. Section 4 presents a translation algorithm from asCTML
to CTML. Section 5 presents an application example and experimental results.
Section 6 discusses related work. Section 7 concludes the paper and gives some
directions for future work.

2 Foundations

In this section, we recall some well-known definitions, introduce notation, and
define the underlying structures necessary for this work.

A (time-homogeneous) discrete-time Markov chain (DTMC) [8] is a tuple
(S,P,mg), where S = {0,..., N} is a finite set of states with N e N, 7y : S —
[0,1] is an initial probability distribution under the constraint » . ¢ mo(i) = 1,
and P : 8§ x § — [0, 1] is a stochastic matrix.

Definition 1 (MAMC structure). A DTMC with multiple actions, or
MAMC for short, is a tuple (S, ACT, ~, §, my), where

- S is a finite set of states.
- ACT is a finite set of action symbols.
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- v:8 x ACT — S specifies the state transitions.

-0 : SXACT — [0,1] specifies the transition probabilities, under the constraint
that Vs € S, 6(s, ACT) =3 cacr6(s,a) = 1.

- mo: S — [0,1] is an initial probability distribution with ) s mwo[s] = 1.

Note that by the definition of v, if (s,a) = (s,b), then v(s,a) = v(s,b) and
t =t', where t,t’ are the next states that a,b lead to, respectively. That is, given
a state s, different next states implies different actions associated with s.

Fig. 1. An example of MAMC structure

Figure 1 shows an example of MAMC structure, with S = {0, 1,2, 3}, ACT =
{a,b,c,d}; at state 0, action a occurs, leading to state 1, with probability 0.5;
when action b occurs, leading to state 2, with probability 0.3; when action c
occurs, leading to state 2, with probability 0.2, so on and so forth.

Definition 2 (path in MAMC). LetY = (S, ACT,T',m) be a MAMC struc-
ture, a path in'Y is an infinite sequence ™ = (8o, a0), ($1,a1),... € (SX ACT)¥,
with 7; = (84,a4), 6(ss,a;) >0, s;41 = y(si,0a;), and i € N.

Definition 3 (path formula). Given a MAMC structure Y, a path formula
is a function ¢ : (8 x ACT)* — R*, where R* denotes nonnegative reals.

Definition 4 (prefix). A prefix in an MAMC structure Y is a finite sequence
of state, action pairs

P = (80,00),---s(Sn—1,an-1) € (§ x ACT)",

or an infinite sequence p = (Sp,a0), (s1,a1) ... € (S x ACT)%, where p; is the
ith element in p, and |p| =n € NU {w} is the length of the sequence.

Let 2 denote a set of paths in MAMC. For a given prefix p, define (27 as
the set of all infinite length paths that start with prefix p. If |p| = n € N, we
have

25 = (s0,a0) X ... X (8p-1,0-1) X 27 (1)

otherwise, if [p| = w, then we have 2 = {p}.
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Definition 5 (determines ¢» on MAMC). We say a prefix p determines
if, for any paths x,x" € (25, ¥(x) = ¥(x'); since all paths must have the same
value for 1 in this case, we denote this quantity as v (p). Note that any infinite
prefiz determines 1.

Definition 6 (finitely measurable ¢y on MAMC). We say a path formula
1 is finitely measurable on a MAMC structure Y if, for every path x € (25 with
Y(x) > 0, either there exists a finite prefiz p with x € (25 that determines v, or
the probability measure for path x is zero.

Like CTML, we wish to define a measure of the expected value of a path
formula . Let X be any set. A o-algebra is a subset G of the power set of a set
X such that:

1. X,0eg.
2. if C € G, then X'\ C € G. That is, G is closed under complementation.
3. if Cp,Cy, ... with C; € G, then ;= C; € G.

An important property is that, for any collection C of subsets of X', there is a
unique smallest o-algebra on X that includes (i.e., is a superset of) C, called
the o-algebra generated by C. Then, a function p : G — [0,00] is a measure if
p(0) = 0, and for any sequence Cy,Cy, ... of disjoint sets in G,

M(UQ‘) = > ulC). (2)
i=0 i=0

A more rigorous treatment of measure theory may be found for example in [9].

Definition 7 (measure of the expected value of v on MAMC). For any
finitely measurable formula ¢ on'Y = (S, ACT,~,d,my), we define the measure
of the expected value py : GsxacT — R* by

po (125) = y

{ v(p) HLi‘fl 8(si, ai) if p = ((s0,a0), (s1,a1),...) determines ¢
Z(s,a)eSxAc:r B (0205 (s,0))) Otherwise

with py(0) = 0.

Note that in this measure definition of the extended model of MAMC, since the
starting point is now a pair of state, action, the probability of the initial action
associated with (sg, ag) is not included, rather, it is treated as part of the initial
distribution and captured at the end.

Similar to CTML, for this work, every path formula ) is finitely measurable.
The finitely measurable property helps us to avoid the difficulty of having to
observe an infinitely—long prefix to determine the value of 1, since any such
path with p = 7 must have p,,(£2%) = 0.
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3 Action and State Based Computation Tree
Measurement Language

In this section, we introduce a new formal language called Action and state based
computation measurement language, or asCTML for short. asCTML is designed
to express performance queries based on action and/or state properties over
probabilistic systems. asCTML is syntactically the same, but semantically more
powerful than CTML, for supporting multiple actions, and paths featured by a
combination of states and actions. The main differences between asCTML and
CTML are in their semantics, the interpretation structure, the underlying paths,
and the basic set of atomic functions. The new language is largely inspired by
asCSL [5] and CSL™ [10], for reasoning about both state and action properties
over probabilistic systems. Unlike asCSL and CSLT”, however, this language
works naturally with the performance measures of reward functions [2,7,11]
that are used to be specified within high level models. In the following, we first
give the definition of the basic formulas. Then, we present syntax and semantics
of the languages.

Definition 8 (state+action formula). A state+action formula ¢ is defined
as a function that maps from a pair of state and action to a nonnegative real

value.
p:Sx ACT — R*

Definition 9 (restricted state+action formula). A restricted state+action
formula @, is defined as a function that maps from a pair of state and action to
a real value in interval [0, 1].

or: S X ACT — [0,1]

In principle, a statetaction formula f ranges over S and ACT, meaning they
are defined on every pair of (s,a) € S x ACT}; in practice, however, only the
pairs with positive value of f are given explicitly. To this end, we assume the
following sets of atomic items that are required for the specification of asCTML,
but not required to be tied to a model.

— a finite set AF of atomic state+action formulas,
— AR C AF of restricted atomic state+action formulas.

For convenience, we also assume one, zero € AR, that evaluate to 1 and 0,
respectively, over any element (s, a) € (S x ACT).

3.1 asCTML Syntax

Given the definition of atomic state+action formula, the syntax of asCTML and
the meanings of operators M (“expected value” of a path formula), X (“next”),
U (“until”), and V' (“weak until”) are kept the same as CTML, except:
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— asCTML operates on state4action formulas, not merely state formulas.

— asCTML supports paths of combination of states and actions, whereas CTML
supports paths of sequences of states only.

— asCTML distinguishes among multiple actions, whereas CTML does not.

Definition 10 (syntax of asCTML). Let f be a state+action formula, let
r be a restricted state+action formula, and let 1, be a restricted path formula
defined as v, : (8 x ACT)* — [0,1], the syntaz of asCTML can be recursively
defined as follows:

o 2=flor|pOe| My
oru=r1=pr | o] e X o | Mip,

b =X | oUs'0 | oV5to | oUro | orUs o or Vi
b 5::X‘pr|@rUét‘Pr|‘PTV@§t<PT|<P7"U>< or | ©r Vi or

where <€ {<, >, <, >}, ©® € {+, x}, f € AF, and f, € AR.

Finally we note that asCTML’s top level formula is a state+action formula.
Also, for the same rationale as CTML, the unbounded operators ¢, Uy ¢ and
wr Vy @ require that ¢, is restricted to values no greater than one.

3.2 Semantics of asCTML

We now give the formal semantics of the operators appearing in the language.
Unlike model checking logics such as PCTL or asCSL, which define a satisfaction
relation, asCTML formulas are defined as real-valued functions.

Definition 11 (Semantics of asCTML). Semantics of asCTML are induc-
tively defined as follows:

— If o = f, then ¢(s,a) = f(s,a), Vf € AF.
o =1 X g, then p(5,0) = p1(5,a) X pa(5,a).
= If o = o1 + @2, then (s,a) = @1(s,a) + pa(s,a).
— If o = 1 X1 g, with <E {>,>,<,<} then p(s,a) =1 if p1(s,a) X pa(s,a)
holds; ¢(s,a) = 0 otherwise.
~If o =1— 1, then o(s,a) =1 —¢1(s,a).
If ¢ = M), then @(s,a) = py (526, ,))-
- If?/} = X‘P; then w(ﬂ-oaﬂ—la .. ) = 90(71—1)7
- Ify = wlUStgpg, then
o if 3j <t, pa(m;) >0, and Vi < j, pa(m;) =0,

Y(mo, 71, ...) = (@@Wﬂ?) “ipa(;)
1=0

o otherwise, ¥ (mg,m,...) =0.
Also, we have <p1U§°°<p2 = 01U 2.
~ If Y =1 V5 o, then
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o if 3j <t, pa(m;) >0, and Vi < j, pa(m;) =0,

Y(mo, 1, .. ) = (@@1(%)) “4pa(;)
=0

e otherwise, if Vi < t, pa(i) =0 then
(o, m1,...) = @@1(%’)

Also, we have p1V="py = 01 Vi ps.

Note that the finitely measurable property of asCTML path formula ¢ can be
proved exactly the same CTML [1].

Finally, we define the measure of the top-level formula ¢ on MAMC structure
M based on the initial distribution as follow.

Definition 12 (measure of M,). Given a MAMC structure M = (S, ACT,
v, 0, 70), the total value of a statetaction formula p on M is defined by

M, =Z< Y ls.a) ~5<s,a>> o). (3)

s€S \a€ACT

4 asCTML Computation

The computation of asCTML can be reduced to the computation of CTML [1]
via a translation algorithm described below. The algorithm takes a MAMC
structure and a set of asCTML formula, and produces a DTMC structure and
a corresponding set of CTML formula. It is then proved that the translated
DTMC+CTML formula always gives the same value as the MAMC+asCTML
formula.

MAMC+asCTML to DTMC+CTML Translation Algorithm:

- MAMC to DTMC: Given a MAMC structure M = (S, ACT,~,4,m), a
corresponding DTMC D = (S', P, w(,) can be built by the following;:
o &' ={(sa)|(sa) € S x ACT,é(s,a) > 0}.
e For all (sa),(s'a’) € &',

o(s,a’) if ~(s,a) =4,

0 otherwise.

P((sa), (s'a)] = {

o m)l(sa)] = mols] - 8(s,a).
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Given this model translation, it is clear that the number of states in the
translated DTMC equals to the number of actions (arcs) in MAMC. The
number of arcs in the translated DTMC is bounded by the number of actions
in MAMC multiplied by the largest degree of outgoing arcs of a certain state.
— asCTML to CTML:
e Given a set of atomic state+action formulas AF, for each f € AF on M,
we have f’ € AF on D, with f(s,a) = f’(sa), for all (sa) € §'.

Note that since the two sets AF and AF’ are exactly the same except
one is defined on M with the parameter (s,a) being a pair of state and
action and the other is defined on D with parameter (sa) being a state,
for the following discussion, we use notations such as f™ and f?, respec-
tively, to refer to the same formulas on different model structures.

e Any asCTML formula ¢ on M, denoted by ¢™ | is translated to the same
formula ¢ on D, denoted by ¢, such that for each atomic state+action
formula f™ in ¢M, it is replaced by the corresponding fP in ¢P.

Theorem 1 (asCTML reduction to CTML). Let ™ be an asCTML for-
mula on MAMC structure M, and D be the translated DTMC structure, then
oM (s,a) evaluate the same as ¢7 (sa) on D, where ¢ is the translation of ¢M.

Proof. According to the translation method, there is a one to one mapping
between state+action pair (s,a) on M and state (sa) on D, and each atomic
state+action formula f on M is mapped to an atomic state formula f on D. As
such, fM = fP holds trivially. By structural induction, assume that ¢™ = ¢7,
oM = ¢P | and ¢} = ¢L. Then,

— (P1xP2)M = (1 x02)P, (P14+¢2)Y = (d1+2)", (P12 h2)™ = (¢1 1 62) ",
and (1 — ¢)M = (1 — ¢)P hold trivially, by the assumption.

Note that for succinctness, when the context is clear (e.g., when the
parameter is given as a state such as (sa), then it is a CTML formula; if
the parameter is given as a pair of state and action such as (s,a), then it is
an asCTML formula), we drop the superscript D and M, respectively.

Also, for the following proof of M1, we utilize the fact that there exists a
one to one mapping between each state, action pair (s,a) on MAMC and the
translated state (sa) on DTMC. Then, each element (s;,a;) in a given MAMC
path 7™ = (s,a), (s1,a1),--- matches the state (s;a;) in the corresponding
path 7P = sa, s1aq, - - - of the translated DTMC.

- (MX¢)M = (MX¢)P. By asCTML semantics on M X ¢, for all paths: 7 =
(s,a),(s1,a1), -, we have:

(MX )M (s,a) = > ¢(s1,a1)5(s1, a1)

(s1,a1)€{v(s,a)}x ACT

By the assumption, and translations given s1 = (s, a),

_ Z ¢(s1a1) - Plsa, s1a4]

(s1a1)€S’

= (MX¢)"(sa).
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— (M1 U5 $2)™ = (Mp1US $2)P. By asCTML semantics on Mo US" ¢, for
all paths of 7 = (s,a), (s1,a1),- -, with (s,a) = (sg,a0), if 37 : 0 < j <, s.t.
$2(s;,a;) > 0 and for all 0 < i < j, ¢pa(s;,a;) =0, we have:

(M1 US ¢2)M (s, a)
=> > ( ¢1(8i’ai)> - da(sj,a5) - [ [ 6(sir00)
0

Jj=0 ((so,ag),...,(Sj,aj))e(SX.ACT)j, i=1
siy1="(si,ai)

1=

By the assumption, and translations given s; = y(si—1,ai—1),

= Z Z (@ ¢1(3iai)> : ¢2(8jaj) : HP[Si—lai—la Siai]

Jj=0 (s0ao,...,sja;)€S"7 \1=0 i=1

= (MoUS" ¢2)P (sa).

~ (M1 V5 g)M = (M1 V5 ho)P. According to the asCTML and CTML
semantics of M ¢1V®St¢2, there are two cases for this formula. One case is
that if 35 : 0 < j < t, s.t. ¢a(s;,a5) > 0 and for all 0 < i < j, ¢a(s;,a;) = 0.
In this case, we have just established that (M(blUét@)M = (M¢1U§t¢2)D.
The second case is when Vi : i < ¢, ¢a(s;,a;) = 0. In this case, we have:

(M¢1V5 2)M (s, a)

t t
- Z (@ ¢1(5i7ai)> 'Hé(smai)
((50,80)5---,(5¢,a1))E(SXACT)* \i=0 i=1
sit1="(si,a:)

By the assumption, and translations given s; = y(s;—1,a:—1),

t t
= Z (@ ¢ (Siai)> : HP[SFWFM 8]
(s0ag,-...,stat)€S’t \i=0 i=1
= (M¢p1V5' h2)P (sa).
— Finally, according to the CTML definition in [1] for the final value of ¢ on
D, denoted by Dy and asCTML Definition 12 for the final value of ¢ on M,
denoted by My, we have:

M¢Z< ) ¢<s,a>.5<s,a>> o)

s€S \a€ACT
= Z ¢(sa) - mwy(sa) by the translation algorithm
(sa)esS’
= D¢
We now compare the expressiveness between asCTML and CTML. First of all,
there are asCTML queries that are not expressible by CTML; see Sect.5 for
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example queries 1,2, and 5. On the other hand, although CTML cannot be
directly expressed by asCTML, any CTML formula can be simulated by a corre-
sponding asCTML formula. Algorithm 1 gives details about the simulation. The
overall idea about the simulation is that, for each case of CTML formula, we set
the value of atomic formulas such that f(s,a) = f(s), then compute the corre-
sponding asCTML formula, then sum over the actions of the computed asCTML
formula. The correctness of this algorithm is proven. Due to the limited space,
the proof is omitted here.

We are ready to discuss the expressiveness between asCTML and the estab-
lished probabilistic model checker (PRISM) [12,13]. In general, asCTML and
PRISM are incomparable. First of all, PRISM is a comprehensive tool that incor-
porates PCTL, CSL, PLTL, and PCTL*, which means there are a lot of queries
that can be expressed by PRISM cannot be expressed by asCTML. For example,
PLTL formulas that have LTL formula of the form (a;Ub;)A- - -A(a,Uby,) (where
ai,b;,1 < i < n are atomic propositions [14]) are not expressible by asCTML
or CTML, because those are proven to be NP-hard [15], whereas the overall
computational complexity of both asCTML and CTML are linear in the size of
the operators in a formula, and polynomial in the size of a model. In addition,
PRISM has mechanisms to associate a real-valued rewards to actions and/or
states on DTMC models. It has R_, and P—_- operators that denote rewards
and probability, respectively, and can express formulas such as R_+[.] or P—¢[.],
where [.] denotes a classic temporal logic path formula (see examples in [16]).
Nonetheless, the core formalisms in PRISM still defines a satisfaction relation;
in another words, they cannot express formulas such as R_+[f1U[R=2f2U f3]],
or R_o[f1U[P=2f2U f5]] (where fi, f2, f3 are atomic formulas associated with
actions and/or states), because unlike asCTML or CTML they cannot nest real
values naturally in general (see the most recent PRISM work announced here:
http://www.prismmodelchecker.org/).

5 The University Graduation Application

We have a prototype software tool implemented in Java, for the evaluation of
asCTML and CTML queries. The heart of the software tool is the CTML engine
that implements all the CTML algorithms discussed in [1]. For asCTML queries,
we add an additional translator that translates from MAMC to DTMC and
asCTML to CTML as discussed in Sect.4. The software has been tested on
several applications, including large dining philosopher models with millions of
states and edges. Due to the limited space, for this work, we select to present
a small model structure to illustrate capabilities of asCTML and CTML. With
this small structure, we tend to show users more clearly the quantification of
action driven paths, how action dependent queries can be expressed by asCTML
but not CTML, how action independent queries can be expressed by CTML,
and their syntactic similarities. More importantly, through this small application
example, we tend to deliver the overall specification idea of asCTML with respect
to CTML.
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Algorithm 1. simulate(¢’, M)

Input: ¢', M
Output: vector 7 such that w[s] = ¢'(s)
switch ¢’ do

case f’
for Vs € S do
mls] = /(5);
f = setOperand(mw, M);
for Vs € S do
7[5 = 3cucr (50)3(s,a);
return 7;
case ¢} O ¢

¢1 = setOperand(simulate(¢), M), M);
@2 = setOperand(simulate(py, M), M);

for Vs € S do
w[s] =3 cacr (91 © ¢2)(s,a)(s, a);
return m;

case ¢} X ¢
¢1 = setOperand(simulate(g), M), M);
@2 = setOperand(simulate(py, M), M);

for Vs € S do
71'[8] = ZaEACT(¢1 > ¢2)(37 a)5(87 CL);
return ;
case 1 — ¢’
¢ = setOperand(simulate(¢’, M), M);
for Vs € S do
m[s] = X acacr(l — 8)(s,a)d(s,a);
return 7;
case MX¢'
¢ = setOperand(simulate(¢’, M), M);
for Vs € S do
m[s] = X seacr(MX@)(s,a)i(s,a);
return 7;

case qu’lUGS)t(;S'Q
¢1 = setOperand(simulate(¢y, M), M);
¢2 = setOperand(simulate(py, M), M);

for Vs € S do
7ls] = Ycacr (MAUS ¢2)(s,a)d(s, a);
return ;

case M) VQSt(j)'Q
¢1 = setOperand(simulate(¢}, M), M);
¢2 = setOperand(simulate(gps, M), M);
for Vs € S do
7[s] = e ucr M1V 62)(s,a)d(s, a);

return 7;
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Algorithm 2. setOperand(mw, M)

Input: vector w, M
Output: asCTML atomic formula f such that f(s,a) = =[s]

for Vs € S do
for Va € ACT do
f(s,a) = =[s];
return f;

5.1 Specification Examples

The University Graduation example as shown in Fig. 2 is from [17]. Each year,
at a fictitious four year undergraduate university, a student has probability p to
move up to a higher grade, has probability r to repeat for the same grade, and
probability ¢ to drop the school. The following presents interesting queries for
this model.

repeat = r repeat =r repeat =r repeat =r

fail = 1

Fig. 2. University graduation example

1. “What’s the average number of years of repeating at the freshman level?”
First of all, the query requires to count the repeat action at the freshman
year only. So we define an atomic formula repeats-fr such that it has value
1 on (fr,repeat), and 0 on all others. Also, for this model, there are only
two destinations which are either finish successfully indicated by grad or
flunk. So we define another atomic formula finish such that it has value
1 on (grad, succ) and (flunk, fail), and 0 otherwise. The query can then be
expressed as

M repeats-fr Uy finish
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In general, this type of query is not expressible by CTML, especially if we
change the value of repeats-fr(fr, repeat) to some other positive value other
than 1. In this particular case, however, we can use the CTML expression
M frUs (1 — fr) to get the average number of years spent as a freshman,
and then we subtract one to get the number of repeats.

2. “What’s the average number of repeating at all levels of grades given that
students graduate successfully?” Unlike the previous query, this query asks for
the quantification of the repeating behavior at all levels of grades, so we define
an atomic formula repeats such that repeats({fr, so, jr, sr}, repeat) = 1 and
0 for all others. Also, we need an atomic formula graduate(grad, succ) = 1
and 0 otherwise. Then the query can be expressed as

Mrepeats U, graduate

By the definition of the conditional expectation equation [18]:

Sypb-Pr(B=0bnA)
N Pr(A) (4)

E(B[A) =) b-Pr(B=b|A)=
Vb

the result of the expression must be divided by the quantity of
Mone Uy graduate. The query is not expressible by CTML in general.

3. “What’s the probability to quit the school after sophomore year?” Let
quit-after-soph be an atomic formula such that quit-after-soph({so,jr, sr},
drop) = 1, and 0 for all others. Then the query can be expressed as

M one Uy quit-after-soph
This query is expressible by CTML as
MoneUx (M soUx flunk)

and by PLTL as
P;,_F(soU flunk)

In this case, asCTML requires one path operator Uy, whereas both CTML
and PLTL requires two path operators.

4. “What’s the probability of graduation in 6 years?” Let graduate be an atomic
formula with graduate(grad, succ) = 1 and 0 otherwise. Then the query can
be expressed as

M one UX56 graduate

This query is expressible by CTML, with the same syntax as for asCTML,
except that with CTML the atomic formulas graduate and one quantify the
corresponding states only, rather than the (state, action) pairs.
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5. “Given that a student reached the junior state and never repeated a year
before, what’s the probability that the student will graduate in 8 years?” This
query requires to only quantify the upgrade action at the fr and so states as
the conditional statement imposes. Let no-repeat-soph({ fr, so}, upgrade) =
1, and 0 otherwise. Let graduate(grad,succ) = 1 and 0 otherwise. Let
Junior(jr, {repeat, upgrade, drop}) = 1, and 0 otherwise. Then this query
can be expressed as

M no-repeat-soph Uy (junior x M one ngggmduate)

and the result must be divided by M no-repeat-soph U junior, according to
the conditional probability definition [18]. Since the query depends on actions,
it is not expressible by CTML.

Note that in case there are multiple actions between the same pair of states,
the idea of the specification would be the same.

5.2 Experimental Results

We now discuss experimental results for the queries. First, we come up with
a MAMC model structure for the University Graduation example, and a set of
atomic state+action formulas for the queries. we (arbitrary) set the probabilities
p,7,q to be 0.1,0.8, and 0.1, respectively. The MAMC model and the atomic
state+action formulas are then translated into DTMC model and CTML atomic
state formulas, which are then plugged into CTML software for evaluation of
each query. Since the specifications are syntactically the same for asCTML and
CTML, they can either be included in MAMC model and carried over to the
DTMC model, or be put in the translated DTMC model directly. For this small
model, we omit the discussion of testing environment and CPU time. Table 1
presents the numerical results for each query discussed above. All outputs are
verified by the numerical solutions computed by hand.

Table 1. Numerical results of asCTML queries for Fig. 2

# | Query Initial state | Numerical
result
1 | M repeats-fr Uy finish fr 0.11111
M repeats U4 graduate
2 M one UXJ_:]raduate fr 0.44443
3 M one Uy quit-after-soph fr 0.26459
4 | M oneUZ® graduate fr 0.57344
M no-repeat-soph Uy (junior - M one vss graduate)
5 M no-repeat-soph U><_7'unio;“< fr 0.64000
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6 Related Work

There is a body of past work on stochastic model checking formalisms. The
most relevant work such as PRISM and CTML has already been discussed in
Sect. 4. Other rewards augmented stochastic formalisms include PRCTL [19]
and CSRL [20] (which is similar to PRCTL, but operates on continuous-time
Markov chains). They are more related to asCTML’s prior work, CTML, since
all those are the extensions of PCTL with rewards functions, but they don’t have
action formulas. For action and state based stochastic formalisms, CSL™ [10]
and asCSL [5] (which is an extension of CSL [21] and aCSL [22] that work with
continuous-time Markov chains) are closely related to asCTML in a sense that
both allow multiple actions between a pair of states and can quantify paths
featured by a combination of states and actions. CSL™ is more expressive
than asCSL for reasoning state and action properties over probabilistic systems.
Unlike asCTML, however, they don’t support real-valued rewards. Another work
we would like to mention is performance trees [23], as it can describe results of
various types (real-valued or otherwise, including distributions). Unlike CTML
or asCTML, however, performance trees is a more general framework that relies
on the existing performance evaluation algorithms as well as some of the existing
model checking algorithms (such as PCTL, CSL, etc.) for the expression of both
logic and real—valued measures.

7 Conclusions and Future Work

We have introduced a formal query language, asCTML, for describing
quantitative performance measures. The combination of nesting and real-
valued state/action formulas, particularly the nesting of action formulas, unique
to asCTML, extend the expressive power of the familiar temporal operators.
Through proper translation, asCTML can simulate any CTML formula. Our
asCTML algorithm has complexity similar to that of PCTL, but better than
PLTL. We are currently working on to apply asCTML for continuous time
Markov chains or semi-Markov processes. For unbounded until and unbounded
weak until queries, this is fairly straightforward: since asCTML can handle real—
valued state/action formulas, we can instead analyze the embedded DTMC using
asCTML, and scale the state/action formulas by the expected time spent in each
state or action. The time bounded versions of these formulas are not so straight-
forward to handle, and will likely require significant changes.
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