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Abstract

Implicit techniques for representing and generating the
reachability set of a high-level model have become quite ef-
ficient. However, such techniques are usually restricted to
models whose events have equal priority. Models contain-
ing events with differing classes of priority or complex pri-
ority structure, in particular models with immediate events,
have thus been required to use less-efficient explicit reach-
ability set generation techniques. In this paper, we present
an efficient implicit technique, based on multi-valued deci-
sion diagram representations for sets of states and matrix
diagram representations for next-state functions, that can
handle models with complex priority structure. We adapt an
efficient Kronecker-based reachability set generation algo-
rithm to work with matrix diagrams. If the model contains
immediate events, the vanishing states can be eliminated
either during generation, by manipulating the matrix dia-
gram, or after generation, by manipulating the multi-valued
decision diagram. We apply both techniques to several mod-
els and give detailed experimental results.

1. Introduction

The generation of the reachability set for a discrete-state
model such as a stochastic Petri net (SPN), generalized
stochastic Petri net (GSPN) or queuing network, is a nec-
essary step in many types of studies. Formal verification
techniques, such as model checking, may require genera-
tion of the reachability set to verify that the reachable states
all satisfy some desirable property, such as the absence
of a deadlock. Performance evaluation, based on Markov
chain analysis, often uses the reachability set of a high-level
model while constructing its underlying Markov chain and
while computing reward measures once the Markov chain
has been analyzed. In either case, generation of the reacha-
bility set is often difficult in practice due to the state explo-
sion problem: the reachability set can be extremely large,
even for a “small” model.

Traditional approaches to generate the reachability set S

are explicit: reachable states are examined and generated
one at a time, using an efficient data structure to store the
discovered states (for example, [9, 15, 20]). Determination
of the states that can be reached from the current state is
done by examining the high-level model. This allows for
maximum flexibility: the behavior of events can depend on
the system state in complex ways.

Explicit techniques have been developed that exploit
structured high-level representations, such as superposed
GSPNs and stochastic automata networks. For these sys-
tems, the next-state function A/, which specifies the states
that can be reached from the current state in a single step,
can be represented in terms of Kronecker products and sums
of several small matrices [7]. Explicit data structures, based
on the Kronecker representation, can be used to describe the
reachability set efficiently [23]. Given current technology,
explicit techniques are limited to about 10® states at best.

Recent advancements in reachability set generation
based instead on implicit techniques have been quite
promising. Unlike explicit techniques, implicit techniques
do not necessarily require space or time proportional to the
size of the reachability set. This allows implicit techniques
to handle reachability set sizes of 1020 states or more. The
use of decision diagrams, binary decision diagrams (BDDs)
[6] in particular, has been embraced by many researchers
following [8]. Multi-terminal BDDs have also been used for
various formalisms; these are used to store both the reacha-
bility set and the underlying Markov chain [21]. Reachabil-
ity set generation for safe Petri nets using BDDs has been
investigated in [27] and later works, where the reachabil-
ity set and the next-state function are represented implicitly
using BDDs. The authors suggest that non-safe nets can
be handled by encoding the integer number of tokens in a
place using several binary variables, although this signifi-
cantly complicates the next-state function.

Alternate approaches to handle non-safe Petri nets have
been developed [12, 26]. These implicit approaches use
Kronecker representations for the next-state function, and
multi-valued decision diagrams (MDDs) [22] to represent
the reachability set, allowing state variables to be bounded
integers. To use the Kronecker representation, a model must



be partitioned so that each event’s contribution to the next-
state function can be expressed as the cross-product of “lo-
cal” functions. Separation of the events according to their
affected submodels allows for an efficient iteration strategy
called saturation [12], which can dramatically reduce the
time and memory required to generate the reachability set.

A substantial limitation of previous implicit techniques
for reachability set generation for Petri nets is that all tran-
sitions are assumed to have equal priority. This implies
that all transitions must be timed, since immediate transi-
tions have priority over timed transitions. Immediate tran-
sitions can be handled only if they are completely local to a
submodel: local immediate transitions are removed and the
submodel is re-defined appropriately. The focus and contri-
bution of this paper is an implicit technique that can han-
dle transitions with complex priority structure, and thus can
handle immediate transitions in general.

The remainder of the paper is organized as follows. Ad-
ditional background information about MDDs is given in
Section 2. In Section 3 we propose an alternate representa-
tion of the next-state functions, based on matrix diagrams
[16] instead of Kronecker representations or BDDs. We
then show in Section 4 how the next-state functions can be
constructed using matrix diagrams when the model contains
events with different priorities, including immediate events.
We show in Section 5 how the reachability set can be effi-
ciently generated, once we have a matrix diagram represen-
tation for the next-state function. In Section 6 we describe
two methods for eliminating vanishing states to obtain the
tangible states only: elimination “on-the-fly” and elimina-
tion after generation. Experimental results, based on our
implementation in SMART [14], are given in Section 7. Fi-
nally, Section 8 concludes the work.

2. Background and related work

The reachability set is formally defined as follows.
Given a finite set of possible states S, an initial state s € S
(or a set of initial states), and a next-state function N:S—
29 which describes the (possibly empty) set of states that
may be reached from a given state in a single step, the reach-
ability set S is the smallest set containing the initial state(s)
that is closed over /. A common technique to determine S
is to compute the sequence S = S~ UN(S"~1), where
S™ is the set of states reachable from the initial state in n
steps or fewer, with S® = {s}. Since the set S is finite and
S" C 8"t C Sforall n e IN, the sequence will even-
tually converge with lim,, .., 8™ = S. Note that for this
paper, we consider finite reachability sets only.

The practical goal of any reachability set generation al-
gorithm is to efficiently represent S and A/, while allowing
for efficient computation of S. In the case of SPNs, the set
S can be implicitly specified by determining (or placing)

an upper bound on the number of tokens allowed in each
place. Another approach is to decompose the model into
K submodels, for some K € IN. This is done for SPNs
by partitioning the set of places . The finest possible de-
composition is obtained when each submodel consists of a
single place, K = |P|; we can also group places together so
that submodels contain multiple places. Given a decompo-
sition, the set S can be writtenas S = Si x - - - X S, where
Sy, is the set of possible substates for submodel k. A model
state can thus be expressed as a K —tuple (s, ..., s1) with
si € S. The sets Sy, often referred to as the “local” state
spaces, are required to be finite, and in this paper we require
that the sets Sy, can be generated a priori in isolation (it may
be necessary to add implicit places to do so).

While the set S is assumed to be finite, it is often ex-
tremely large. One way to combat this problem is through
the use of an efficient data structure. In particular, a set of
states can be represented using a multi-valued decision dia-
gram (MDD) [22]. If the model is composed of K submod-
els, then an MDD representing a set of states is a directed,
acyclic graph consisting of terminal nodes zero and one,
and non-terminal nodes, each corresponding to a submodel.
We say a non-terminal node is a level-k node if it corre-
sponds to submodel %, and we say that terminal nodes are
level-0 nodes. A level-k non-terminal node contains |Sk|
downward pointers, one for each substate in S. A state is
contained in the set represented by the MDD if and only
if the path from the root node, following the pointers corre-
sponding to the appropriate substates, reaches terminal node
one. Non-terminal nodes are said to be duplicates if they
are both level-%£ nodes and their corresponding pointers are
equal. A non-terminal node is said to be redundant if all
of its pointers are to the same node. A quasi-reduced, or-
dered MDD (QROMDD) does not contain duplicate nodes
and requires all pointers from a level-% node to lead either
to a level-(k — 1) node or to terminal node zero. A reduced,
ordered MDD (ROMDD) does not contain duplicate nodes
or redundant nodes, and requires all pointers from a level-%
node to lead to a level less than k. Thus, ROMDDs may re-
quire fewer nodes than QROMDDs, but require more com-
plex algorithms for manipulation (because we must handle
cases where levels are “skipped”). For consistency, we fol-
low the convention of [12] and assume in the remainder of
the paper that all MDDs are QROMDDs; however, the algo-
rithms we present could be adapted for use with ROMDDs.
An example MDD and the set of states it encodes is shown
in Figure 1.

For traditional reachability set generation, the function
N is specified by the high-level model. Many types of for-
malisms, including SPNs, specify N in terms of distinct
events:

N(s) = U Ne(s) (1)
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Sy = {0,1,2}

Sy ={0,1,2}

S = {01}

S = {000, 001,
010, 011,
020, 021,
101, 121,
210, 220}

Figure 1. An MDD and its represented states

where £ is a finite set of events. In the case of SPNs, events
correspond to transitions. For implicit techniques, it is usu-
ally assumed that each A/¢ function can be expressed as the
cross-product of local functions [12, 26]:

Ne(sk,...,51) =Ng(sK) x - xNf(s1) (2

where N¢ : S — 25+, If this property does not hold for
some event, we can either re-partition the model so that it
does hold, or split the event into sub-events such that the
property holds for the sub-events. The function A can thus
be represented by tables for each of the A/ functions. Note
that this is equivalent to using a Kronecker representation
for the next-state function [23]: the tables used to represent
the V¢ functions are the same as the small matrices used in
a Kronecker representation. When the local state spaces S,
can be generated a priori, the table for each N function
can also be constructed a priori, by examining the effect of
event e on each local state in Sy, considering submodel k&
only.

Previous work has already addressed the issue of events
with priority when a Kronecker representation is used for
the underlying stochastic process: [17] deals with models
containing immediate synchronizing events; [19] deals with
multiple levels of priorities (including immediate events).
However, the focus of this earlier work is on the represen-
tation of the underlying process and on numerical solution;
it is unclear if the results in [17] and [19] can be directly
applied to implicit reachability set generation techniques.
It is however interesting to note that the basic idea to deal
with priorities is the same in this work and in both [17] and
[19]: a matrix “mask” is used to restrict events with lower
priority.

3. Representing the next-state function with
matrix diagrams

Matrix diagrams were initially introduced as an alterna-
tive to Kronecker representations for the transition rate ma-
trix, and have since been modified to obtain a canonical rep-
resentation [25]. In this paper, we require boolean matrices
instead of real-valued matrices. This allows for some sim-
plifications to the structure; thus, we present here a simpli-
fied version of the canonical matrix diagrams presented in
[25].

A matrix diagram is similar to an MDD, except the non-
terminal nodes are matrices of pointers instead of vectors of
pointers. Matrix diagrams consist of two level-0 terminal
nodes, zero and one, and level-k£ non-terminal nodes, for
k € {1,..., K}. Each level-k non-terminal node contains
a |Sk| x | S| matrix of pointers to other nodes. A matrix di-
agram represents a boolean matrix of size | S| x |S|, which
can encode a next-state function: the non-zero entries in
a given row correspond to the states that can be reached
from that row. We denote a next-state function in script, as
N, and its corresponding matrix diagram representation in
boldface, as N. In matrix diagram N, state (jx,...,J1)
is contained in M (ig,...,71) if the path from the root
node, following pointer [i, ji] from level k, reaches ter-
minal node one.

We extend the MDD concepts of ordering and reducing
nodes to matrix diagrams as follows. Two matrix diagram
nodes are said to be duplicates if they are both level-k nodes
and their corresponding pointers are equal (just like MDD
nodes). We say that a matrix diagram node is an iden-
tity node if its matrix contains equal pointers along the di-
agonal and all off-diagonal pointers are to terminal node
zero. ldentity nodes capture an important characteristic of
a model: independence of an event from a given submodel.
The matrix diagram representing the next-state function for
an event will contain identity nodes at level k if the event
is independent of submodel %, because the event does not
change the local state for submodel k. This type of behav-
ior naturally occurs in a Petri net when a transition is not
connected to any place within submodel k.

We say that a matrix diagram is quasi-reduced and or-
dered if it does not contain duplicate nodes and if all point-
ers from a level-k node lead either to a level-(k — 1) node or
to terminal node zero. We say that a matrix diagram is re-
duced and ordered if it does not contain duplicate nodes or
identity nodes, and if all pointers from a level-%£ node lead
to a level less than k.

We note that a quasi-reduced, ordered matrix diagram
is similar in structure to a QROMDD with twice as many
levels: each level in the matrix diagram has a correspond-
ing “row” and “column” level in the MDD. Indeed, this is
the structure often used by MTBDDs to represent a matrix



N(000) =0
N(001) = {101}
N(010) =0
N(011) = {111}
N(020) =0
N(021) = {121}
N(100) =0
N(101) = {200,201}
N(110) =0
N(111) = {210,211}
N(120) =0
N(121) = {220,221}
N2ee)=10
Next-state function quasi-reduced
matrix diagram

reduced
matrix diagram

012
Row 3
12 012
Column 3
012 012
Row 2 Ann

012,012\012 012,0123\012
Column2 ([T [T [T] LI LTI L]

Row 1

Column 1

Level O

ROMDD

Figure 2. Representing a next-state function with a matrix diagrams and ROMDDs

[21]. However, the same is not true for the reduced case,
due to the fundamental difference between the reduction
rules: a skipped level in a ROMDD corresponds to a redun-
dant node, while a skipped level in a reduced, ordered ma-
trix diagram corresponds to an identity node. Thus, when
an ROMDD is used to represent a boolean matrix, termi-
nal node zero corresponds to a matrix of zeroes, and termi-
nal node one corresponds to a matrix of ones. In contrast,
when a reduced, ordered matrix diagram is used, terminal
node zero corresponds to a matrix of zeroes, and terminal
node one corresponds to an identity matrix.

An example next-state function A/ is shown in Figure 2
to illustrate the differences between quasi-reduced matrix
diagram, reduced matrix diagram, and ROMDD represen-
tations. For clarity, pointers to terminal node zero are omit-
ted. Note that, in this example, the next-state function is
not affected by, and does not change, the local state of sub-
model 2. As a result, the quasi-reduced matrix diagram
contains identity nodes at level 2, and the reduced matrix
diagram pointers skip level 2. For the remainder of the pa-
per, we assume that all matrix diagrams are ordered and
reduced.

3.1. Constructing next-state functions

If the next-state function is represented by a function for
each event (as in Equation 1), and the event functions are ex-
pressible as the cross-product of local functions (as in Equa-
tion 2), then the algorithm to construct a matrix diagram N ¢
for the next-state function \¢ is straightforward. The local
functions V¢, ..., N¥ are stored as tables and can be con-
structed directly from the high-level model. Note that if

BuildNext(N, . .., NT)
1: N® < one;
2: foreach ke {1,...,K} do
3. if A is notidentity then

4: C «— New level-k node of all zeroes;
5: for each i € S, j € N(i) do
6: Cli, j] «— N¢;
7: end for
8: N¢ «— C;
9:  endif
10: end for

11: return N¢;

Figure 3. Constructing a next-state function
for a given event

event e has no effect on submodel & then the function V¢
will be the identity function; this can be detected by exam-
ining the structure of the high-level model. Once we have
obtained the local functions Ny, . .., /Y, we can construct
a matrix diagram using algorithm BuildNext, shown in Fig-
ure 3. The matrix diagram node at level % is based on N/¢.
If N¢ is the identity function, then the matrix diagram N¢
will skip level k&, since the node would be an identity node.
Otherwise, row iy, of the matrix diagram node at level & will
contain a pointer in column jy, if j, € N¢(i). All pointers
for a given node will be equal, and will point to the next
non-terminal node or terminal node one.



ElementWise(Md A, op, Md B)

if op =+ then e Terminal conditions for +
if A=BV A = zero then
return B,
else if B = zero then
return A;
end if
else if op = — then e Terminal conditions for -
if A=BV A = zero then
return zero;
else if B = zero then
return A;
end if
else if op = - then
if A =B then
return A;
else if A = zero V B = zero then
return zero;
end if
end if
if cache contains(A, op, B, C) then
return C;
: end if
kA —Level(A); kB <Level(B);
k — MAX(kA,kB);
C — New level-k node;
if kA > kB then
Vi, C[i, i] < ElementWise(Al[i, i], op, B);
Vi # j, Cli, j] < ElementWise(A[i, j], op, zero);
. elseif kB > kA then
Vi, C[i, i] < ElementWise(A, op, B[i, ]);
Vi # 4, Cli, j] < ElementWise(zero, op, B[z, j]);
. else
Vi, 7, Cli, j] < ElementWise(A[i, j], op, B[i, j]);
end if
. Reduce C;
: Add cache entry (A, op, B, C);
. return C;
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Figure 4. Element-wise operations on matrix
diagrams

3.2. Manipulating matrix diagrams

The main strength of matrix diagrams over Kronecker-
based representations is their ability to be manipulated. Bi-
nary operations on MDDs and matrix diagrams have com-
plexity that depends on the number of nodes in the graphs,
rather than the number of items encoded by the graph. Thus,
the compactness in size of MDDs and matrix diagrams leads
not only to obvious memory savings, but also to computa-
tional savings.

A recursive algorithm for element-wise matrix opera-
tions is given in Figure 4. Useful element-wise oper-

ations for this work are element-wise addition, subtrac-
tion, and multiplication, which are used to compute the
union, difference, and intersection of two next-state func-
tions, respectively. For instance, the next-state function
C(sky...,81) = A(Sk,...,s1) UB(sk,...,s1) can be
constructed from matrix diagrams A and B by calling
C = ElementWise(A,+,B). The recursion terminates
when one of the operator-specific terminal conditions holds.
Terminal cases for element-wise addition are

ElementWise(A,+,A) = A
ElementWise(A,+,0) = A
ElementWise(0,+,A) = A

which are handled in lines 2-6. Terminal cases for element-
wise subtraction are

ElementWise(A, —, A) =
ElementWise(A, —, 0)
ElementWise(0, —, A) =

I
© » o

which are handled in lines 8-12. Terminal cases for

element-wise multiplication are

ElementWise(A,-,A) = A
ElementWise(A,-,0) = 0
ElementWise(0,-,A) = 0

which are handled in lines 14-18. Since matrix diagram
nodes can have multiple incoming pointers, it is possible
that several of the recursive calls to ElementWise have the
same parameters. To avoid duplication of work, MDD and
matrix diagram manipulation algorithms often make use of
a computation table or cache to save previously-computed
results [6]. Lines 20-21 check that the current computation
has not been computed already, and line 36 adds the result
of the current computation to the table.

Since ElementWise operates on reduced matrix dia-
grams, we must handle skipped levels, which are treated as
identity nodes; this is done in lines 26-31: lines 27 and 30
handle the equal diagonal pointers and lines 28 and 31 han-
dle the non-diagonal pointers to terminal node zero. The
resulting matrix diagram must be reduced; this is handled
in line 35 by checking if the matrix diagram node just cre-
ated is a duplicate of some other node or is an identity node.
A uniqueness table (usually a hash table) is maintained to
discover duplicates; this is a common technique used by de-
cision diagram manipulation algorithms [5].

As with recursive BDD and MDD algorithms, the use
of the computation table guarantees that the number of re-
cursive calls generated to ElementWise is limited to one for
each distinct pair A, B of matrix diagram nodes. Thus, a
top-level call to ElementWwise for matrix diagrams A and B



Multiply(Md A, Md B)

if (A = zero) V (B = zero) then
return zero;

else if (A = one) then
return B,

else if (B = one) then
return A;

else if Multiply Cache contains(A, B, C) then
return C;

end if

kA —Level(A); kB —Level(B);

k +— MAX(kA, kB);

. C <« New level-k node;

. if kA > kB then

Vi, 3, Cli, j] < Multiply(A[i, 5], B);

. elseif kB > kA then

Vi, 3, Cli, j] < Multiply(A, B¢, j]);

. else

for each i,j,1 € S, do
T — Multiply(Als, ], B[L, j]);
Cli, j] < ElementWise(C]Ji, j], +, T);

end for

. end if

: Reduce C;

. Insert Multiply Cache entry (A, B, C);

. return C;
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Figure 5. Matrix diagram multiplication

will produce at most |A| - |B| recursive calls that require
computation, where |A| is the number of nodes contained
in matrix diagram A. As shown, the computational cost
for a single call to ElementWise is at most O(|Sy|?); this
can be reduced in practice to O(n(C)), where n(C) is the
number of non-zero downward pointers of node C. Assum-
ing constant-time complexity to check for duplicates and to
check the computation table, the overall complexity of Ele-
mentWise is thus O(w - |A| - |B|), where the computation
required for a single call is at worst w = maxy,(|Sk|?).

Another important operation for this work is matrix mul-
tiplication: the composition C of functions A and B (i.e.,
C(z) = B(A(z))) can be determined by multiplying ma-
trix diagrams A and B. A recursive algorithm for ma-
trix diagram multiplication is shown in Figure 5, where
Multiply(A, B) computes A - B for boolean matrices. The
algorithm is based on the multiplication of two block-
structured matrices. The recursion terminates if the appro-
priate terminal conditions hold, or if the answer has already
been computed (and is present in the cache). The terminal
conditions for multiplication are A -0 = 0 - B = 0 (line
1),I-B=B(line3),and A -1 = A (line 5). Lines 13-16
of Multiply handle skipped levels. Similar to algorithm Ele-
mentWise, the number of recursive calls to Multiply that re-

quire computation is limited to | A |-|B|. The cost of asingle
recursive call is O(|Sk|?) due to the matrix-matrix multipli-
cation in lines 18-21, multiplied by the cost of ElementWise
for the addition. However, the worst-case number of distinct
calls to ElementWise (in line 20) is difficult to characterize:
while the number of possible values of T (in line 19) is
equal to the number of possible distinct outcomes of Mul-
tiply, which is |A| - |B|, these can be summed in different
orders, leading to different intermediate results. In practice,
if the matrix diagram nodes are sparse, then T will often
be zero, so the number of non-trivial calls to Elementwise
should be quite small. In particular, if A and B represent
diagonal matrices, then the cost of lines 18-21 can be re-
duced to O(|Sk|), and all calls to Elementwise will be triv-
ial. Thus, when Multiply is applied to diagonal matrices A
and B, its complexity is at worst O(JA| - |B| - max (|Sk|))-
Note that this is essentially the same computation (and the
same complexity) as MDD-based set intersection.

Another operation that we will utilize is determining
which rows of a matrix are empty. In terms of a next-state
function, empty rows correspond to states that do not have a
next state. This information is used to determine the states
that disable a given event. The algorithm to perform this op-
eration is shown in Figure 6. Specifically, given a matrix di-
agram A, EmptyRows builds a second matrix diagram that
encodes a diagonal matrix, where the diagonal element for
row 1 is one if and only if row 4 of the matrix encoded by A
is empty. Like the previous algorithms, it is recursive and
terminates if the appropriate terminal condition holds or if
the answer has already been computed. Since the identity
matrix does not contain any empty rows, and a matrix of
zeroes contains all empty rows, the terminal conditions are
EmptyRows(I) = 0 and EmptyRows(0) = I. Thanks to
the compute table, the number of recursive calls generated
to EmptyRows that require computation is |A|. The com-
putational cost of a single call is O(n(A)), multiplied by
the cost of Multiply. Note that the call to Multiply (line 14)
is non-trivial only when A contains more than one non-
terminal pointer for a given row. Since the calls to Multiply
generated by EmptyRows will always be for diagonal ma-
trices, they can be computed efficiently.

4. Handling priorities

We are now ready to handle high-level models whose
events are allowed to have priorities. Specifically, we allow
the model to specify, for pairs of events b and ¢, that event b
always has priority over event c¢. Thus, whenever event b is
enabled, event c effectively becomes disabled. In addition
to providing an increase in modeling power, priorities are
necessary to handle immediate events (events which occur
in zero time), since immediate events always have priority
over timed events [1].



EmptyRows(Md A)
if (A =zero) then
return one;
else if (A =one) then
return zero;
else if RowsCache contains(A, C) then
return C;
end if
. k —Level(A);
. C < New level-k node;
. for each i € §;; do
Cli,i] < one;
for each j € S do
T — EmptyRows(A[i, j]);
Cli, i) < Multiply(CJi, ], T);
end for
. end for
: Reduce C;
. Insert RowsCache entry (A, C);
. return C;
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Figure 6. Determining empty rows of a matrix
diagram

To construct matrix diagrams for the next-state functions
for each event when events have a priority structure, we
first build the next-state functions in isolation, ignoring the
priorities, and then modify the functions appropriately. If
our model contains only timed events with equal priority,
the next-state functions computed using BuildNext (shown
in Figure 3) can be used without modification. If event
b has priority over event ¢, we must modify function N
so that any state s that enables event b has no next-states:
N¢(s) = 0. This can be done by manipulating the matrix
diagrams N® and N°¢ as follows.

1. Determine the states that do not enable event b by com-
puting EmptyRows(IN?).

2. Restrict event ¢ to these states only, using Multiply.

Thus, Multiply(EmptyRows(IN?),N¢) constructs the proper
next-state function for event ¢, taking into account that event
c is disabled whenever event b is enabled.

Complex priority structures can also be handled with the
same technique, if care is taken to perform the steps in the
correct order. For instance, suppose event a has priority
over event b, and event b has priority over event ¢, and
event a has the same priority as event ¢ (i.e., a does not
have priority over ¢ and ¢ does not have priority over a).
Then b is disabled whenever a is enabled, and ¢ is disabled
whenever b is enabled (and « is disabled). Steps (1) and (2)
above will correctly construct the next-state function for c,
provided IN? has already been adjusted. Thus, adjustment of

BuildNextPriority(event e)
1: if we have computed N°¢ then
2:  return;
3: else if we are already computing N¢ then
4:  Error, cyclic dependency;
5: end if
6: N° — BuildNext(Ng,. .., NF);
7: E < one; e States enabling e, initially all
8: for each event ¢’ with higher priority than e do
9:  BuildNextPriority(e');
10: E — Multiply(E, EmptyRows(N¢));
11: end for
12: N°¢ « Multiply(E, N°);

BuildNextPriorityClass
1: E < one;
2: F < one;
3: for each priority p, from high to low do
4.  for each event e with priority p do
5: N¢ « BuildNext(N, ..., NT);
6: N¢ «— Multiply(F,N¢);
7 E — Multiply(E, EmptyRows(IN¢));
8 end for
9: F — E;

10: end for

Figure 7. Constructing next-state functions
with event priorities

the next-state functions to incorporate priority should pro-
ceed from high priority events to low priority events.

Given any acyclic priority structure [11], the next-state
function for each event can be determined using the algo-
rithm BuildNextPriority in Figure 7. Priority cycles are not
allowed (e.g., if event b has priority over ¢, then event ¢
cannot have priority over b). Existence of a cycle will cause
BuildNextPriority(e) to eventually call itself with the same
parameter, which can be detected. If a priority class struc-
ture is used instead, in which each event is assigned an
integer priority [10], then the next-state function for each
event can be determined using the simpler algorithm Build-
NextPriorityClass, also shown in Figure 7. Note that integer
priorities are insufficient to capture the example above: it is
impossible to assign integer priorities to events a, b, and ¢
such that a has priority over b, b has priority over ¢, and a
and ¢ have equal priority.

An example illustrating the construction of the next-state
functions for events a, b and ¢, where a has priority over b
and b has priority over ¢, is shown in Figure 8. Event a is
enabled in states (1 e 0) and (2 ¢ 0). To determine the next-
state function for b, we compute E¢ = EmptyRows(N¢)
and multiply it by N?. Note that, before adjustment (ma-
trix diagram IN? in the figure), event b is enabled in states
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Figure 8. Example next-state construction for events a, b, ¢ with priorities

(22e), but after adjusting for priorities, b is enabled in state
(221) only. Event ¢ depends only on submodel 2, and is
enabled in states (e0e) and (e2e). To adjust its next-state
function to include the priority relationship with b, we com-
pute E® = EmptyRows(E® - N*) and multiply E® by N¢.
After adjustment, event c is disabled in state (221).

5. Saturation using matrix diagrams

Once the proper next-state functions have been deter-
mined, the reachability set can be generated. We must adapt
one of the Kronecker-based implicit techniques [12, 26] to
work using matrix diagrams instead of a Kronecker repre-
sentation for the next-state function.

An extremely efficient implicit reachability set genera-
tion algorithm for asynchronous systems is that of node sat-
uration [12]. The idea is to exploit the locality of events
in the system: an event e may affect only a few submod-
els. In terms of a product-form decomposition (as in Equa-
tion 2), such an event will have identities for many of the
local functions. For example, if the polling model in Fig-
ure 11(c) contained only timed transitions, then transition
Ta; would only affect queue i; assuming the model is parti-
tioned so that each queue is a submodel, we would then have
NTai(SK7 .. .781) = {SK} X oo X {Si-l-l} X ,/\/iTM(Si) X
{si—1}x---x{s1}. Interms of a Kronecker representation,
the matrices for all submodels except submodel 7 would be
identity matrices; the matrix diagram representation N 72
would consist of a single level-i node.

Two key observations lead to the saturation algorithm.
First, if submodel % is the “first” submodel affected by
event e (i.e., the top node of the matrix diagram for event e
is a level-k node), then submodels K through k& + 1 cannot
disable event e. Thus, during reachability set generation, we
can “apply” event e to any level-k MDD node, since level k
is the first level affected by event e. The second observation
is that whenever a level-k node is created, we can saturate

the node by repeatedly considering events whose first level
is k. The Kronecker version of saturation, presented in [12],
sorts the events by first level, so that saturation of a level-k
node can cycle through all events whose first level is k. The
matrix-diagram version of saturation, shown in Figure 9, in-
stead maintains a single matrix diagram N, for each level k,
which can be considered a “macro-event” that combines all
events whose first level is k. Thus, instead of maintaining
several different events, as is done with a Kronecker repre-
sentation, with matrix diagrams we represent K collections
of events. This eliminates the need to cycle through several
events at each level k.

For saturation to work efficiently, we must be able to col-
lect state-to-state transitions into the appropriate N matrix
diagram, according to their first affected submodels. Oth-
erwise, the saturation algorithm reduces to the “traditional”
symbolic generation algorithm [26, 27] which considers one
event at a time from the top level. One way to achieve this
with matrix diagrams is to maintain N, for each & dur-
ing construction of the next-state functions. When the ma-
trix diagram is constructed for the next-state function for
event e, we can easily determine the first level affected by
e from the top node of the matrix diagram. The matrix di-
agram is then added (using algorithm ElementWise) to the
overall matrix diagram for the appropriate level. However,
this method may not obtain the best possible splitting of the
state-to-state transitions.

For instance, after adjusting event ¢ to account for prior-
ities in Figure 8, we obtain matrix diagram N in Figure 10.
Since the top node is a level-3 node, we would add it to the
overall matrix diagram for level 3. However, by inspecting
matrix diagram IN we see that it is “almost” independent of
submodel 3: the level-3 node is “almost” an identity node.
We can remove the state-to-state transitions that do not de-
pend on submodel 3 (i.e., the transitions that occur regard-
less of the state of submodel 3 and do not change submodel
3). This gives us matrix diagram N3, which contains the



Saturate(level k, MDD n)
1. L« {i: n[i] # zero A IN][i, j] # zero};
2: while £ # (0 do
3: i« SelectElement(L);

4: L—L \ {Z},
5. foreach j: Ngl[i, j] # zero do
6: f < RecFire(Ng][i, 7], n[i]);
7 if f # zerothen
8: u «— Union(f,n[j]);
9: if u # n[j] then
10: nlj] <« vu;
11: if 3r, N[, r] # zero then
12: L—LU{j};
13: end if
14: end if
15: end if
16:  end for

17: end while

Extract(Md A; out: Md B, Md C)

1. k «— Top(A);

2. C — A[0,0];

3: foreachie{1,...,|Sx| —1} do
4:  C < ElementWise(C, -, A[i, i]);
5: end for

6: B «— ElementWise(A, —, C);

RecFire(Md N, MDD n)

1: if N = one then

2 returnm;

3: else if N = zero V n = zero then
4:  return zero;

5: else if Cache contains (N, n, s) then
6: returns;

7: end if

8: k — MAX(Top(N), Top(n));

9: s « new level-k MDD node;

10: if Top(N) < Top(n) then

11: for each i do

12: s[i] < RecFire(N,n[i]);

13:  end for

14: else

15:  for each 4,5 : N[i, j] # zero do
16: f < RecFire(N[i, 5], n[i]);
17: s[j] < Union(s[j], f);

18:  end for

19: end if

20: if s # [zero, ..., zero] then

21:  Saturate(k, s);

22: end if

23: Reduce s;

24: Add (N, n, s) to Cache;

25: return s;

Figure 9. Node saturation algorithm using matrix diagrams

transitions that depend on submodel 3, and matrix diagram
N>, which contains the transitions that do not depend on
submodel 3. Note that N is the sum of N3 and N».

The use of matrix diagrams allows us to easily perform
this splitting. Given a level-k matrix diagram node N, we
can extract all state-to-state transitions that do not depend
on submodel k& by finding the “largest common” diagonal
element using element-wise multiplication. This is detailed
in procedure Extract, shown in Figure 9, which splits a ma-
trix diagram node A into B + C, where C represents the
state-to-state transitions that do not depend on submodel
k. If such a splitting is impossible (which occurs when all
state-to-state transitions in matrix diagram A depend on the
top-level submodel), then Extract will produce matrix dia-
grams B = A and C = zero.

In summary, to use saturation with matrix diagrams we
first construct a single overall next-state matrix diagram N
by summing the matrix diagrams for each event (using algo-
rithm ElementWise). We then compute the matrix diagram
N, for each level & by first initializing N x to N, and then
computing Extract(Ng, Ny, Ny_1) for all £ from K down
to 2. These level-wise next state functions are then used in
the saturation algorithm. The reachability set is generated
by constructing the MDD representing the initial state(s) in

N N3 N,
012 012
Level 3 o [
e [1®
[ [
012 ,012
Level 2 LJ
®
01
Level 1
Level O 1

Figure 10. Splitting a next-state function

a bottom-up fashion. As each node n in the MDD is cre-
ated, it is saturated by calling Saturate(k, n), where k& is the
level of node n. When the level- K node has been saturated,
it will represent the reachability set.



6. Eliminating vanishing states

The techniques described in the previous sections can be
applied to high-level models with event priorities, includ-
ing GSPNs and other formalisms with immediate events.
Reachability set generation will correctly produce the set of
reachable states. However, the reachability set S can be par-
titioned into the set of vanishing states V), in which an im-
mediate event is enabled, and tangible states 7', in which no
immediate events are enabled. For many types of analysis,
especially generation and solution of an underlying Markov
chain, only the tangible states are of interest, and the van-
ishing states can be eliminated [3, 4]. As with traditional
reachability set generation algorithms, elimination of van-
ishing states can be done either during generation (some-
times called “on-the-fly”) or after generation. That is, we
can either construct the set 7 directly, or we can construct
the entire reachability set S, partition it into 7 and V, and
keep only 7.

6.1. Elimination during generation

To eliminate vanishing states during generation, we must
maintain only the set 7 and ensure that only the tangible
reachable states are added to the set 7. This is done by us-
ing a modified next-state function A/’ that, given a tangible
state, returns the set of tangible states that can be reached
from the given state when a single timed event occurs, pos-
sibly via a sequence of vanishing states. If a tangible state
reaches a vanishing state via a timed event, then the se-
quences of vanishing states are collapsed until another tan-
gible state is reached. If the initial state is tangible, then
generating the reachability set using A" will produce ex-
actly the set 7. A vanishing initial state can be handled by
determining all the tangible states that can be reached from
the initial state via immediate events only, and using those
as the initial states.

If the next-state function is represented as a matrix IN,
then we can classify the rows and columns as either tangible
or vanishing, and obtain the block structure

(]|

where N7 describes transitions from tangible states to
tangible states, N7y, describes transitions from tangible
states to vanishing states, and so on. The matrix representa-
tion N’ is exactly

N7

Ny

N7 N7y
Nyr Nyy

N’ =Nz7 4+ N7y - N}, - Nyr (3)
where “*” denotes transitive and reflexive closure. Thus,
reaching a tangible state from another tangible state via a
single timed event is possible directly, by a transition from
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a tangible state to a tangible state, or via vanishing states,
by a transition from a tangible state to a vanishing state,
followed by zero or more transitions from a vanishing state
to another vanishing state, followed by a transition from a
vanishing state to a tangible state.

To construct the matrix diagram IN’, we use Equation 3.
Given the next-state function for each event, modified to
account for priorities (as described earlier), we can com-
pute N7 by summing the next-state functions for the timed
events, and Ny, by summing the next-state functions for
the immediate events. The potential tangible states can
be found by computing P = EmptyRows(Ny), and
the potential vanishing states can be found by comput-
ing Py, = EmptyRows(P7). The tangible (vanishing)
columns of a matrix can be selected by multiplying the
matrix by P+ (Py). For instance, we compute N7+ =
Multiply(N, P7) and N7y = Multiply(N7,Py). To
compute the transitive and reflexive closure of Ny, we
compute N3, = (I + Nyy)™ by iterative squaring: we
initialize N3,,, to I + Nyy, and repeatedly perform the
computation Nj,,, < Multiply(N73,,,, N3,,,) until N, has
converged. Note that, since the above computation involves
boolean matrices, it is guaranteed to converge.

6.2. Elimination after generation

Elimination of the vanishing states after the reachabil-
ity set has been generated is fairly straightforward. The
next-state functions are constructed as described in Sec-
tion 4, with the immediate events having priority over the
timed events, and are summed to obtain the overall next-
state function A'using ElementWise. The overall next-state
function is then split into functions for each level using Ex-
tract, and the set of reachable states S = 7 U V is gen-
erated using the saturation algorithm. The set of tangible,
reachable states 7" can be determined using a simple query,
as described in [26]. First, we determine the set of poten-
tial states that are tangible, by determining the states that
do not enable any immediate events. This is done by com-
puting P+ = EmptyRows(Ny,), as described earlier. The
non-empty rows of P correspond to the potential tangible
states. We then compute the intersection of the reachability
set with the set of potential tangible states, which gives us
the set of tangible, reachable states.

7. Experimental results

Prototypes of both “elimination after generation” and
“elimination during generation” are implemented in the
SMART tool [14]. All results are obtained from 933 MHz
Pentium 111 workstations with 512Mb of RAM, running
Linux. No reported results made use of virtual memory.
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Figure 11. Models used in the experiments

We examine several models taken from the literature,
each parameterized by an integer N. The dining philoso-
pher model, taken from [26, 27], is composed of N sub-
nets, one for each philosopher. The subnet for philoso-
pher 4 is shown in Figure 11(a). Our model differs from
the models in [26, 27]: we use immediate transitions in-
stead of timed transitions for the action of picking up a fork.
The dining philosophers net is broken into subnets so that
each subnet consists of two adjacent philosophers; thus, the
GSPN model for NV philosophers contains K = % submod-
els. We also study a kanban network and a flexible manu-
facturing system (FMS), taken from [15] and [18]. These
models are fixed in size but have N tokens initially in cer-
tain places, corresponding to parts or jobs that circulate in
the system. We use the “immediate” version of the kan-
ban model, which has immediate synchronizing transitions.
The FMS model is modified from its original presentation
[18]: all arc cardinalities are one in our version. The kanban
network and FMS model are shown in Figure 11(b) and Fig-
ure 11(d), respectively. Finally, we consider a multiserver
polling system, described in [2], using the 1 x @ server uti-
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lization policy. The system consists of multiple queues, and
servers that move from queue to queue. The polling model
is composed of a subnet for each queue, and contains multi-
ple tokens corresponding to the numbers of jobs and servers
in the system. The subnet for a single queue is shown in
Figure 11(c). The number of servers is set by initializing
the number of tokens in place Ppy. The number of jobs per
queue is set by initializing the number of tokens in places
Pb;. Our model uses NV queues, jobs, and servers; thus,
both the model size and initial numbers of tokens increase
with N. For the kanban, FMS, and polling models, we use
the finest possible decomposition: one place per subnet. For
all models, we assume that immediate transitions have equal
priority.

Table 1 compares the costs, in terms of computational
and storage requirements, of constructing the tangible
reachability set 7 for elimination during generation ver-
sus elimination after generation. When vanishing states are
eliminated during generation, we construct the next-state
function N’ using Equation 3 and then generate 7 directly.
Conversely, eliminating vanishing states after generation re-



Elimination during generation Elimination after generation
Generating N’ Generating 7 Generating N/ Generating 7

Model |7 CPU | Memory (Kb) | CPU Memory | CPU | Memory (Kb) | CPU Memory

(sec) | Final Peak | (sec) | Peak (Kb) | (sec) | Final | Peak | (sec) | Peak (Kb)
Phils 16 4.87 x 10° 0.2 74 174 0.8 1,051 | 0.04 43 133 1.3 2,382
Phils 30 3.46 x 1012 1.2 | 150 631 19 16,637 | 0.08 85 262 10 16,603
Phils 60 1.20 x 10%° 95| 314 | 2,508 389 166,520 | 0.21 | 176 539 69 91,972
Phils 90 4.15 x 1037 — — — — — | 0.39 | 266 815 | 204 228,561
Kanban 8 | 4.23 x 107 0.3 42 188 11 878 | 0.00 23 40 | 05 511
Kanban 30 | 2.36 x 10'2 96 | 147 | 22,275 | 2,157 193,920 | 0.02 80 144 67 35,594
Kanban 40 | 2.86 x 10'3 — — — — — | 0.03 | 106 191 | 280 99,346
Kanban 50 | 2.01 x 104 — — — — — | 0.04 | 132 238 | 979 224,295
FMS 8 4.59 x 10° 2 23 | 1,758 0.1 153 | 0.01 15 33| 02 228
FMS 20 8.83 x 10? 356 51 | 63,036 15 1,376 | 0.01 33 74| 25 2,194
FMS 40 4.97 x 102 — — — — — | 0.03 64 144 29 14,311
FMS 80 3.71 x 101% — — — — — | 0.05 | 124 282 | 447 102,070
Poll 5 5.91 x 108 0.1 18 62 0.2 220 | 0.01 12 31 0.4 390
Poll 10 9.34 x 10'6 94 68 | 1,784 4.6 4,677 | 0.03 44 111 13 8,795
Poll 15 2.28 x 1028 | 297 | 147 | 15,284 36 29,288 | 0.07 96 240 | 113 56,180
Poll 20 3.20 x 1040 — — — — — | 0.14 | 167 418 | 540 214,350

Table 1. Time and space requirements to construct the tangible reachability set 7

quires construction of the next-state function A/, generation
of the reachable states S, and determination of 7 using a
query on S. For both techniques, we show the costs of con-
structing the appropriate next-state function, and the costs
of constructing the set 7. Since MDDs and matrix dia-
grams may expand and contract during manipulation, both
the peak and final memory usage is reported. For next-state
function construction, the memory usage reported is the to-
tal memory required for the matrix diagram. For the gener-
ation of 7', the memory usage reported is the total memory
required for MDD nodes. Since the resulting MDD encod-
ing 7 is the same for both techniques, we do not report the
final memory usage for 7.

As we expect, constructing the next-state function N is
more expensive than constructing V, since the construction
of A/’ requires the construction of A/ and then application
of Equation 3. However, we see that, as the model size
increases, the space and time requirements to compute N’
grow much faster than those to compute . This rapid in-
crease is due to the transitive closure computation in Equa-
tion 3. The dashes in the table correspond to cases in which
the storage requirements to construct A/” exceeded available
memory.

Next, we consider the computational and storage re-
quirements to generate 7', once the appropriate next-state
function has been constructed. While our intuition may
suggest that elimination during generation will require less
memory than elimination after generation, this is not al-
ways the case. This is due to the property of MDDs that
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the computational and storage complexities for manipula-
tion depend on the number of nodes in the MDD, not the
number of states encoded by the MDD. Removal of states
from an MDD may actually increase its storage require-
ments! For example, computational and storage require-
ments for reachability set generation for the dining philoso-
phers model are significantly lower when all transitions are
timed [12]. As both the computational and storage com-
plexities depend on the number of nodes in the MDD, there
is a correlation between the peak memory and CPU time
for generation of 7. However, there is no clear trend as to
when the generation of 7 is more efficient if elimination
during generation is used versus elimination after genera-
tion. When a comparison is possible, we see that elimi-
nation during generation is more efficient for the FMS and
polling models, and elimination after generation is more ef-
ficient for the kanban model. For the dining philosophers
model, elimination during generation is more efficient for
small models, while elimination after generation is more ef-
ficient for large models.

Considering the total computational and storage require-
ments to construct 7 (i.e., the requirements to construct N
or N plus the requirements to construct 7°), we see that
the expense of constructing NV’ tends to make elimination
during generation more expensive and less practical. This
is due to the high cost of computing the transitive and re-
flexive closure in Equation 3. Iterative squaring is not the
best way to compute transitive closure (partly because the
matrix diagram nodes become dense, which increases the



computational cost of Multiply); we are currently developing
more efficient implicit techniques to be used with matrix di-
agrams and comparing them with other implicit techniques
(such as [24] for BDDs). Substantial reduction in the cost of
the transitive and reflexive closure computation might make
elimination during generation more competitive; until this
occurs, elimination after generation appears to be a better
solution in practice.

The first row for each model in Table 1 corresponds to
the largest tangible reachability set that could be generated
using explicit techniques. For a rough comparison of times
with explicit approaches, generation of the tangible states
for the FMS model with V = 8 required about 2.1 seconds
and 0.21 seconds using our implicit approaches; a straight-
forward explicit approach in SMART (using a hash table
to store states) required about 762 seconds, and we esti-
mate that the specialized hashing technique presented in
[20] would require about 390 seconds (if CPU times are
adjusted for the difference in processor speeds). Our results
are fairly typical with respect to other comparisons between
explicitand implicit approaches, and illustrate the efficiency
of implicit techniques in terms of both computational and
storage requirements. In practice, implicit techniques often
allow for the analysis of much larger systems than would
otherwise be possible with explicit techniques.

8. Conclusion

Implicit techniques for reachability set generation are
quite promising, as they are often able to handle extremely
large sets, but are usually limited to handling restricted
classes of models. We addressed one such limitation of cur-
rent implicit reachability set generation techniques: their
inability to handle events with priorities and immediate
events. We presented an alternate representation of the next-
state function of a model, based on matrix diagrams. Ma-
nipulations of the matrix diagrams allow for construction of
next-state functions that can handle models with an acyclic
event priority structure, including models with immediate
events. We adapted the saturation algorithm, originally de-
veloped for Kronecker-based representations of the next-
state function, to work with matrix diagrams. We showed
how vanishing states can be eliminated either during gener-
ation or after generation, when only the tangible states are
of interest.

Empirical results indicate that, while the costs of state
generation can be lower when vanishing states are elim-
inated during generation, the approach is often impracti-
cal due to the extra computation required to construct the
adjusted next-state function. This is mainly due to the
cost of computing the transitive and reflexive closure of
the vanishing-to-vanishing next-state function. One possi-
ble direction for further research is the development of im-
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proved techniques that reduce this cost. Another extension
that we are investigating is to construct the local state spaces
Sk during implicit generation of S, following the ideas of
[13].
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